The functional form of the wave function with respect to variables appropriate for the WKB approximation is chosen by taking into account the transformation properties of the spinor wave-function. This representation makes it possible, using only the wave equation, to pursue directly the time changes in the variables, i.e. the spin direction, velocity and density, etc., characterizing an electron. These changes correspond straightforwardly to a classical model of the non-relativistic Pauli electron with the proper magnetic moment, and the covariant form of this model, which is just "the Frenkel-Kramers model of the Dirac electron" introduced recently by the author. In this derivation, the existence of freedom of · rotation around the .spin axis and certain definite angular velocity of this rotation are required.
A classical theory of a relativistic spinning particle in terms of a spin. pseudo-vector was early obtained from the Dirac equation by Takabayasi/) and recently a similar succinct equation, including the anomalous magnetic moment, suggested by Bargmann-Michel-Telegdi 2 ) has evoked considerable attention from various workers. Several authors 3 ), 4 ) have investigated the WKB solutions to the. Dirac equ9-tion in order to derive the classical equations for spin, etc., introduced by Bargmann-Michel-Telegdi and others.
In a previous paper The aim of the present paper is to derive this FK model directly from the WKB solution to the Dirac equation, as this possibility is indicated by the work of the above-mentioned authors. Actually the derivation is considerably simplified, if we consider explicitly the transformation properties of the WKB solution in spinor form using the so-called veloCity metric as well as the proper spin vector.
In . consequence, information can be gained on the spinning motion, and especially on the freedom of rotation around the spin axis, directly from the time derivative of the multicomponent wave-function itself, and not only the FK model but the existence conditions for the model can be obt.ained straightforwardly. § 2. Classical spinning model from the WKB solution to the Pauli equation
We first treat the WKB solution of the non-relativistic Pauli equation to obtain a new direct calculation method for the 'spinor wave-function' cf;. This method deals consistently with cjJ itself instead of cj;* (operator) cjJ, e.g. cjJ*rJcjJ, in contrast to the aforementioned works, 3 ), 4
), *) and the first approximation to the contents of the change of the wave function acj;jat reduces to a classical spinning model, namely that corresponding to the Pauli electron, etc.
The Pauli equation, containing the proper magnetic moment, may be written as *> On the contrary, a consistent investigation of the equations of ¢*(operator)¢ with reference to the Pauli electron as well as the Dirac electron was made by Takabayasi. (4) with the usual notation.*) Here, the wave function cjJ with components cjJi (j = 1, 2) must have the transformation· property of a 'spinor' with respect to ordinary rotation in space. Accordingly, as far as an electron has a definite spin direction s (s 2 = 1) at one moment,**) this cjJ must be the product of the adapted spinor and an 'invariant' of the rotation. Then the WKB solution c/JwKB can be obtained in the form
and the approximation of order lt 1 is
where the notation is: This model is certainly consistent with Eq. (4) to order h 1 and in this meaning it is sufficient. But, the necessity of the model does not follow only from the present argument because of the arbitrariness of the above-mentioned special technique. We may, however, content ourselves for the moment with the present result, taking the view that a classical approximation is valid only in a· certain favorable case.
To J7S=p: momentum,
and
Furthermore,
holds formally. From this, the assumption of a real S means that pis also real and the corresponding classical motion exists. In the same way, Eq. [ (li 
in the vector notation. Next, let us consider X 8 • As it is manifest from the expression (5) where Xs is defined, the value X 8 itself is independent of ¢*¢ and ¢*6¢, and consequently cannot be observed by any experiment thus far considered. Nevertheless, as shown in Appendix II, the original equation cannot be satisfied, unless the degree of freedom Xs exists with its change dxs! dt obeying Eq. (9 ·3). The inevitable introduction of the degree of freedom X 8 , which need not have been considered in I, might appear strange, but its time change dXs/ dt reve~ls the following remarkable fact. Let us take the z axis parallel to the magnetic field H 0 , which is now assumed to be constant for simplicity, so that 8s = constant. Then from Eq. (9 · 3) one obtains
As illustrated in Appendix III, this means the absence of substantial rotation around the spin axis. Since 'spin angular momentum' was introduced some forty years ago, spinning motion or vortex has frequently been considered for · the model qf 'spin'. It is worth while noticing that the time change of X 8 based on the wave equation contradicts this model. The angular momentum (h/2} must be supposed to originate from a more profound cause. Finally, the terms [ (h ; b] in Eq. (6) may be omitted in our approximation. However, it may also be possible to use them for the modification of the above-mentioned equations of motion, etc., as these terms just correspond to the 'quantum potential' of de Broglie, Bohm and others. To conclude, it is our view that the role of "Pauli's spin-matrix" in the time change ( 4) of the spinor wave-function (5) has been clarified directly by our method. Here, the wave function <j; with the components ¢ 1 (j = 1, · .. 4) must have · the transformation properties of a 'spinor' with respect to pure Lorentz transformation as well as to rotation in space. Consequently, as far as an electron has a definite real momentum p as well as a proper spin direction s 0 *l at a given moment, this <f; must be the product of the adapted spiJ?.or and an 'invariant ' with respect to pure Lorentz transformation and rotation. Then, the WKB solution of order h 1 should be finally written in the following form: As is well known, the WKB approximation of order h 0 to the Dirac equation leads to the familiar relativistic Hamilton-Jacobi equation of a particle without spin. But, here also, we resort to a special manipulation; namely, we add the underlined term of order h 1 to obtain the equation with spin as follows: (12') and the equation of motion is finally obtained as
with the effective field strengths E' and H' of Eq. (3). *) ( cf. (22'), (24), (25) of I.)
Next, by substituting the </Jt wKB of Eq. (11) with these S and V into the original equation (10) and compensating the underlined term, the following is obtained in a straightforward manner :
where the apparent field :
IS employed.
Here, as the underlined term of order It\ namely, the energy of the proper *) This " is the extended proper time as defined by
and accordingly, an unusual relation:
holds as noticed in I. should equal zero, as will become clear below. This is a noteworthy point in our calculation.
As to </h WKB, the analogous expression (14 · 2) is derived in the same way.
The succeeding argument can be performed as in § 2. Firstly, Eq. [(It}) ; p] = 0 expresses the conservation of the electron fluid :
Secondly, the simultaneous equations [ (h (1) and (2) introduced in I, we see that the equation of motion (13) reduces to Eq. (1), but the equation of precession (18') differs from Eq. (2) in regard to the effective fields. Accordingly, our model contains a small discrepancy between Eqs. (13) and (18'), as mentioned in I. However, this discrepancy itself depends on It, and in order to get rid of it, the abovementioned terms of order lt 2 must be considered. Therefore, in the approximation here e<;msidered, i.e. to order It\ our model may be equivalent to the FK model.
Results similar to those shown thus far may also be obtained by starting from the customary Dirac equation of the first order, viz. the Dirac 4-simultaneous equations.
)
In this case, the effective fields E' and H' appear im- Here, by a semi-classical state of an electron, we mean the state where one electron with a corresponding velocity v and a spin direction s at a specified moment is distributed with the density (or probability) P. The transformation properties, which means in a sense the relations to the coordinate system, of this semi-classical state, i.e. our WKB' solution, is quite evident. This is also seen in the expressions for the current vector S'" and energy-momentum tensor T'"v of the Dirac electron obtained from our solution:
and from the mmn part of T pv :
------> --;..
This clearly shows that both the WKB-approximation treatment of amplitude and phase and the consideration of the transformation properties are equally simplified by the tacit assumption of the presence of the invariant density p (x, y, z, ct) and the velocity-metric V associated with the density for the electron.
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Appendix I

The hyperbolic metric V of -velocity
The hyperbolic metric V*l of velocity can be symbolically defined as
for the classical relativistic velocity v = dr / dt. This new hyperbolic function of a vector V may be interpreted as
Then, the three components of Eq. (A1) are
Here, the equalities (with respect to the rotation in the velocity space) are employed.
In the same way, if we start from
and expand the inverse hyperbolic function of v, we obtain the following formulae:
and Hyperbolic functions are all either even or odd by definition, and the hyperbolic functions of a vector V are accordingly either scalars or vectors. In geometry, metric or distance usually satisfies the two conditions: i) to be determined uniquely by two points, and ii) to preserve the triangle law, e.g.
AB+BC>AC
for any three points A, B and C.
Corresponding to the conditions, firstly, velocity is always the relative velocityvector and is determined by two systems. Secondly, on the composition of two 
in accord with the relativistic theory. The aforementioned hyperbolic functions of the metric V are nothing but the various coordinates in the hyperbolic space, as noticed in I. Our calculations in the previous and present papers are based on the geometry of this space, namely, the hyperbolic geometry. unit sphere in Fig. 1 
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